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1 Introduction

Early universe models of the Big Bang are highly chaotic and often anisotropic. However, ob-
servations of the cosmic microwave background (CMB) show remarkable isotropy at late times,
consistent with an almost perfectly Friedmann Lemâıtre Robertson Walker (FLRW) spacetime. A
major problem in cosmology is bridging the two timescales, as almost all models must include a
mechanism for early universe isotropization.

The standard solution to this problem comes in the form of inflation [1], as Wald’s cosmic no-hair
theorem [2] says that anisotropy decays exponentially in the face of accelerated expansion. However,
inflation comes with its own problems, such as requiring an inflaton sector to drive the inflation,
which has many observational and theoretical problems (eg. the “vacuum catastrophe”).

Inflation is not the only permissible mechanism to alter early-time dynamics to produce isotropy.
This paper explores a historical predecessor to inflation [3]. Even in the absence of an inflaton
sector, quantum fields in curved spacetime produce particles in nonstationary backgrounds. Time-
dependent, anisotropic geometries excite quantum fields, generating a nontrivial stress-energy tensor
Tµν that counteracts shear. This paper explores a simple model to illustrate this isotropization
mechanism by answering the following question:

Starting from an initially anisotropic Bianchi I universe, does the stress-energy tensor generated by a
quantized scalar field dynamically reduce the anisotropy through a semiclassical backreaction?

It is worth noting that inflation solves other cosmological problems outside of isotropy, notably
the horizon problem. The CMB exhibits homogeneity, which requires that the entire observable
universe must have been causally connected long enough for thermalization. However, regions of the
CMB with an angular separation of ≳ 2◦ are causally disconnected. Inflationary theory solves this
by claiming that we only observe the CMB after an exponential early-universe inflation. Solving
the horizon problem without an inflationary model is hard, though prescriptions such as a variable
speed of light exist. These considerations are beyond the scope of this paper; we only focus on the
effect of quantum fields on isotropy.

Intuitively, it is reasonable to suspect that quantum effects may produce isotropization because the
energy density associated with radiation scales as a−4 while the shear energy density scales as a−6.
Thus, while the early universe (a → 0) may be dominated by anisotropic shear, particle creation
provides a mechanism to transition towards the radiation dominated era. Furthermore, we will see
that the anisotropy is exponentially damped by particle creation – this faster-than-classical dilution
is necessary to produce the high degree of isotropy observed today.
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1.1 Mathematical Setup

We use natural units c = ℏ = 1 throughout the paper and a (−1 1 1 1) sign convention for
the Minkowski metric. We study the Bianchi I universe because it is the simplest anisotropic
generalization of the FLRW metric –

ds2 = −dt2 +
3∑

i=1

a2i (t)(dx
i)2 (1)

We define an average scale factor a(t) ≡ (a1(t)a2(t)a3(t))
1/3 and the directional Hubble rates Hi ≡

ȧi/ai. The anisotropy is quantified by the shear σi = Hi −H, where H is the average Hubble rate
H ≡ ȧ/a. Note that by construction,

∑
i σi = 0.

We study the following semiclassical Einstein field equations for the dynamics -

Gµν = 8πG⟨T̂µν⟩ren (2)

where ⟨T̂µν⟩ren is the renormalized expectation value of the quantum stress-energy tensor operator.

Anisotropy thus dynamically affects the Einstein field equations, so the ⟨T̂µν⟩ren creates the backre-

action into the shear and scale factors. Our ultimate goal will be to compute ⟨T̂µν⟩ren in the Bianchi
I geometry from first principles and see if it approaches an isotropic perfect fluid at late times.

1.2 A Remark on Novelty

I wanted to learn about quantizing fields in curved spacetime for my final project, so was reading
[4]. As such, the paper is largely expository. If an equation or idea is not cited, you may assume it
may be found in [4].

The trace anomaly (27) struck me in particular; I was fascinated by these purely geometric contri-
butions to the stress-energy tensor and thought for a while about its implications. Once I realized
Πii ∝ −σi I had this idea of anisotropic stress potentially being quenched by what would be an
effective viscosity and had the idea for the project. As far as I know, the idea to apply the curved-
space formalism to damping of anisotropy isn’t in [4]. I am sure this idea is not original, but I don’t
know the cosmology literature well enough to know where to look1.

1I found Hu and Parker [3] at the very end of the project; they make a similar argument about quantum particle
creation effects quenching anisotropy.
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2 Classical Shear Evolution

2.1 Traceless Einstein Equations

To extract the shear dynamics from (2) we project onto the traceless space-space sector. Working
with the diagonal components Gii = Rii− 1

2
R (no summation on i), the Bianchi I Ricci components

are Rii = Ḣi + 3HHi (off-diagonal components vanish). The traceless part is

Gii −
1

3

∑
k

Gkk = Rii −
1

3

∑
k

Rkk

= Ḣi + 3HHi −
1

3

(∑
k

Ḣk + 3H
∑
k

Hk

)
= Ḣi + 3HHi − Ḣ − 3H2 (3)

where we used
∑

k Hk = 3H and
∑

k Ḣk = 3Ḣ. Recalling σi = Hi − H and noting σ̇i = Ḣi − Ḣ,
this simplifies to

Gii −
1

3

∑
k

Gkk = σ̇i + 3Hσi (4)

With the renormalized anisotropic stress Πii ≡ ⟨T̂ii⟩ren − 1
3

∑
k⟨T̂kk⟩ren, the traceless semiclassical

Einstein equations gives the shear equation of motion (no sum on i):

σ̇i + 3Hσi = 8πGΠii (5)

2.2 Classical Kasner Dilution

In the absence of quantum backreaction (Πij = 0), equation (5) separates:

σ̇i + 3Hσi = 0 =⇒ d lnσi

d ln a
= −3 =⇒ σi ∝ a−3 (6)

This is the Kasner power-law dilution. The vacuum Bianchi I solutions are ak(t) = tpk with the
Kasner conditions

∑
k pk = 1 and

∑
k p

2
k = 1, from which Hk = pk/t and σk = (pk − 1/3)/t ∼ a−3.

The shear energy density ρσ = Σ2/(8πG) ∼ a−6 does dilute faster than radiation (∼ a−4), but
this power-law decay is far too slow to account for the observed CMB isotropy [1]. Exponential
isotropization is required; we will show that quantum backreaction provides it.
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3 Quantum Stress-Energy in Curved Spacetime

3.1 QFT in Curved Spacetime

In this section, we will quantize a scalar field ϕ on a pseudo-Riemannian, globally hyperbolic, smooth
manifold with metric gµν . Generalizing to higher spins follows in a matter similar to flat space; the
curved space principles are all illustrated by the scalar case. The Lagrangian density is

L(x) = 1

2

√
−g(x)

gµν(x)∂µϕ(x)∂νϕ(x)︸ ︷︷ ︸
Lkin

−m2ϕ2(x)︸ ︷︷ ︸
Lm

− ξR(x)ϕ2(x)︸ ︷︷ ︸
Lξ

 (7)

where R is the Ricci scalar and m is the mass of the field quanta. This is simply obtained from
the action in Minkowski space by promoting η → g, ∂ → ∇ (which reduces to ∂ in the Lagrangian
because we are differentiating a scalar field), and the volume element d4x →

√
−gd4x. We also

add the ξRϕ2 coupling term into the action because it is permissible as a term with the correct
dimension that we could add to the theory (in Minkowski space, R = 0). From the stationary
action principle applied to S =

∫
dnxL(x), we can derive a Klein-Gordon equation[

□x +m2 + ξR(x)
]
ϕ(x) = 0 (8)

where □ϕ = gµν∇µ∇νϕ = (−g)−1/2∂µ[(−g)1/2gµν∂νϕ]. Define the scalar product

(ϕ1, ϕ2) ≡ −i

∫
Σ

dΣµ
√
−gΣ {ϕ1(x)∂µϕ

∗
2(x)− [∂µϕ1(x)]ϕ

∗
2(x)} ≡ −i

∫
Σ

dΣµ
√
−gΣϕ1(x)

↔
∂µ ϕ∗

2(x)

(9)
where dΣµ is the volume element normal to a Cauchy hypersurface. Then, there exists a complete,
orthonormal set of mode solutions ui(x) to the Klein Gordon equation, eg. satisfying (ui, uj) =
δij, (u

∗
i , u

∗
j) = −δij, (ui, u

∗
j) = 0. We can then expand the field in this basis, writing

ϕ(x) =
∑
i

aiui(x) + a†iu
∗
i (x) (10)

From here, we can simply quantize by adopting the commutation relations from Minkowski theory,
eg. [ai, a

†
j] = δij, [ai, aj] = 0 = [a†i , a

†
j]. From there the quantization is analogous, and we can

construct a vacuum state, Fock space, etc.

In Minkowski spacetime, we have a natural set of ui in the Cartesian coordinate system (t, x, y, z)
with respect to the Killing vector ∂t that is orthogonal to the spacelike hypersurfaces t = const.
We choose positive frequency eigenmodes ωi > 0 satisfying ∂tuk(x) = −iωkuk(x), such that ui(x) ∝
exp(i(k⃗ · x⃗− ωkt)). However, for an arbitrary metric g, we are not guaranteed to have any Killing
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vector with which to define these positive frequency eigenmodes, and there is not necessarily a
natural preferred coordinate system. Thus, consider another complete orthonormal set of modes
uj(x), then we may similarly expand the field in these modes as

ϕ(x) =
∑
j

ajuj(x) + a†ju
∗
j(x) (11)

We can also expand the modes themselves in terms of each other, yielding the Bogoliubov trans-
formations [5] –

uj =
∑
i

αjiui + βjiu
∗
i ; ui =

∑
j

α∗
jiuj − βjiu

∗
j ; where αij = (ui, uj), βij = −(ui, u

∗
j) (12)

The matrices α, β are called Bogoliubov coefficients. They satisfy the following properties:∑
k

αikα
∗
jk − βikβ

∗
jk = δij ;

∑
k

αikβjk − βikαjk = 0 (13)

By equating (10) and (11) and using the relations in (12) as well as orthonormality, one finds

ai =
∑
j

αjiaj + β∗
jia

†
j ; aj =

∑
i

α∗
jiai − β∗

jia
†
i (14)

The Fock spaces are different so long as β ̸= 0. For instance, the expectation of the number operator
is ⟨0| a†iai |0⟩ =

∑
j |βji|2, meaning the vacuum of the uj mode contains particles in the ui mode.

As such, choosing a good set of modes ui where the vacuum corresponds as closely as possible to
our actual experience of “no particles” is important. A way to do this is to suppose that in the
remote past (in) and future (out), the field admits a privileged quantum vacuum where all inertial
observers agree there are no particles (eg. the spacetime is asymptotically Minkowski).

Thus, when we compute the expectation ⟨T̂µν⟩ in (2), we take the expectation with respect to the

in vacuum in the remote past as ⟨0, in| T̂µν |0, in⟩.

3.2 Computing the Stress-Energy Tensor

Before taking the expectation, let’s begin by computing the stress-energy tensor Tµν . We can do so
by varying the action with respect to the metric, eg.

Tµν =
2√
−g

δS

δgµν
⇐⇒ δS =

1

2

∫
d4x

√
−gTµνδg

µν (15)
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so we may focus on just computing the variation of the action. We will proceed term-by-term,
writing S = Skin + Sm + Sξ as denoted in (7). For the kinetic term we have

δSkin =
1

2

∫
d4x

[
(δ(

√
−g)gµν +

√
−gδgµν)∂µϕ∂νϕ

]
=

1

2

∫
d4x

√
−g

[
∂µϕ∂νϕ− 1

2
gµν(∇ϕ)2

]
︸ ︷︷ ︸

=Tkin,µν

δgµν

(16)
where we used the fact that the variation of the determinant is δ(

√
−g) = −1

2

√
−ggµνδg

µν . Varying
the mass term is similar –

δSm = −1

2

∫
d4xm2ϕ2δ(

√
−g) =

1

2

∫
d4x

√
−g

[
1

2
m2ϕ2gµν

]
︸ ︷︷ ︸

=Tm,µν

δgµν (17)

To vary the ξ coupling term, we will need to recall that the variation of the Ricci scalar is

δR = Rµνδg
µν + (gµν□−∇µ∇ν)δg

µν (18)

With this, we find

δSξ = −1

2
ξ

∫
d4x

[
δ(
√
−g)Rϕ2 +

√
−gϕ2δR

]
(19)

=
1

2
ξ

∫
d4x

√
−g

[
1

2
gµνRϕ2 − ϕ2(Rµν + gµν□−∇µ∇ν)

]
δgµν (20)

Now we can integrate by parts to move the derivatives from δgµν to ϕ2 (boundary terms vanish),
which implies that

Tξ,µν = ξ
[
∇µ∇ν(ϕ

2)−Gµνϕ
2 − gµν□(ϕ2)

]
(21)

The final expression for the stress energy tensor comes from summing the three components –

Tµν = Tkin,µν+Tm,µν+Tξ,µν = ∂µϕ∂νϕ−
1

2
gµν(∇ϕ)2+

1

2
m2ϕ2gµν+ξ

(
∇µ∇ν(ϕ

2)−Gµνϕ
2 − gµν□(ϕ2)

)
(22)

Written in this form, promoting the stress-energy tensor to an operator is trivial by simply promoting
all the fields to operators ϕ → ϕ̂. However, when we take the vacuum expectation value, we run
into a problem because T̂µν contains products of operators evaluated at the same spacetime point

such as ϕ̂2(x) or ∂µϕ̂(x)∂νϕ̂(x). Because ϕ̂ is a distribution, such products are ill-defined and lead
to UV divergences. Thus, to take the expectation value, we must first renormalize.

To accomplish this, we will use adiabatic regularization. The idea is that UV divergences arise from
the high-frequency modes, to which the expansion of the universe appears nearly static. Thus, their
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behavior should asymptotically match the Minkowski vacuum. Concretely, notice that by spatial
homogeneity we can decompose the mode solutions of the curved Klein Gordon equation to find
the following time-dependent harmonic oscillator equation:

uk ∝ exp(i⃗k · x⃗)χk(t) =⇒ χ̈k + ω2
k(t)χk = 0 (23)

We write the solution using a WKB ansatz, with effective frequency Wk:

χk(t) = (2Wk(t))
−1/2 exp

(
−i

∫ t

dt′Wk(t
′)

)
; W 2

k = ω2
k −

1

2

(
Ẅk

Wk

− 3

2

Ẇ 2
k

W 2
k

)
(24)

Because the background is evolving relatively slowly compared to the low-frequency modes we
care to preserve, we can expand Wk in an “adiabatic series” by counting the number of time
derivatives:

Wk = W
(0)
k +W

(2)
k +W

(4)
k + · · · (25)

where W
(i)
k contains i derivatives of the scale factor. Odd i terms vanish due to time reversal

symmetry of the background. Now, we can use this to renormalize the stress energy tensor mode-
by-mode as follows. The un-renormalized stress energy tensor takes the form of an integral over
momentum modes –

⟨T̂µν⟩ =
∫

d3kTµν(χk, χ
∗
k) =⇒ ⟨T̂µν⟩ren =

∫
d3k

[
Tµν(χk, χ

∗
k)− T (0)

µν − T (2)
µν − T (4)

µν

]
(26)

Note that 6th order and higher terms yield a finite integral and need not be subtracted. In the
classical Kasner solution the shear energy density scales as Σ2 ∼ a−6 (see (6)), so each pair of time

derivatives on the scale factor contributes a factor of a−1; the 6th adiabatic order contribution T (6)
µν

therefore falls off as a−6 and the momentum integral converges.

4 Semiclassical Shear Evolution

4.1 Quantum Backreaction and the Trace Anomaly

The massless, conformally coupled scalar (m = 0, ξ = 1/6) has a classically conformally invariant
action with T µ

µ = 0. The adiabatic renormalization procedure breaks this symmetry, producing the
“trace anomaly.” From [4] equation (6.115),

⟨T̂ µ
µ⟩ren = − 1

2880π2

(
CαβγδC

αβγδ +RαβR
αβ − 1

3
R2 +□R

)
(27)
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This is a purely geometric, state-independent result: the trace is determined entirely by the back-
ground curvature. The trace anomaly is nonzero in any curved spacetime (including isotropic ones
such as de Sitter). However, the key point for us is that the anisotropic part of ⟨T̂µν⟩ren is controlled
by the Weyl tensor Cαβγδ. For any conformally flat spacetime (which includes all FLRW models)
the Weyl tensor vanishes, so the stress tensor is isotropic. In Bianchi I the shear sources a nonzero
Weyl tensor, and consequently the stress tensor acquires a traceless anisotropic component Πii that
is tightly coupled to the degree of anisotropy.

4.2 Effective Shear Viscosity

We now identify the form of Πii. The same 4th adiabatic order subtraction that produces the trace
anomaly (27) also determines the full spatial stress tensor. At this order, ⟨T̂ (4)

ij ⟩ren is built from
geometric tensors quartic in derivatives of the metric, with an overall coefficient 1/2880π2 inherited
from the one-loop effective action [4].

Since Πii is a traceless quantity linear in the anisotropy at leading order, it must be proportional
to σi times a scalar combination of H and its derivatives. Counting adiabatic order (each H or
σi carries one derivative of a, each dot adds one more), the candidates at 4th order with correct
dimension [energy]4 that are linear in σ are H3σi, HḢσi, and H2σ̇i. In the slow-roll regime the first
term dominates since the time derivatives are small, giving

Πii = −2ηeffσi, ηeff ∼ csH
3

2880π2
(28)

where cs is a positive coefficient determined by the explicit mode subtraction (I believe this is
computed in [3] for Bianchi I). The structure of (28) is that of a shear viscosity πij = −2ησij, with
the quantum field playing the role of a viscous fluid.

The negative sign is the essential physics: the quantum stress opposes the shear. Physically, in
the direction expanding faster (σi > 0) the field modes are redshifted more rapidly, reducing the
quantum pressure in that direction; the net force is therefore restorative. This is a direct consequence
of the one-loop effective action and persists for any conformally coupled field.

4.3 Exponential Quenching of Anisotropy

Substituting (28) into the shear equation (5),

σ̇i + 3Hσi = −16πGηeffσi (29)

which we rewrite as

σ̇i + ( 3H︸︷︷︸
Hubble dilution

+ Γ(t)︸︷︷︸
quantum viscosity

)σi = 0 ; Γ(t) ≡ 16πGηeff ∼ csH
3

180πm2
p

(30)
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where we wrote G = m−2
p (natural units ℏ = c = 1; mp the Planck mass). Since Γ > 0 at all times,

this is an additional damping term on top of the classical Hubble friction. The solution is

σi(t) = σi(t0)
(a0
a

)3
︸ ︷︷ ︸

Kasner decay

exp

(
−
∫ t

t0

Γ(t′)dt′
)

(31)

The exponential factor is a monotonically growing suppression absent in the classical theory. The
quantum correction converts power-law dilution σ ∼ a−3 into exponential decay σ ∼ a−3 exp(−

∫
Γdt).

The quantum viscosity dominates Hubble friction when Γ ≳ H, i.e.

csH
3

180πm2
p

≳ H =⇒ H ≳

√
180π

cs
mp ∼ O(1) ·mp (32)

This is met near the Planck epoch, precisely the early-time regime where the semiclassical framework
is operative (just below the Planck scale where full quantum gravity would be needed). Once H
drops below mp, the quantum correction becomes subdominant and standard Hubble dilution takes
over, but by that point the shear has already been exponentially quenched.

5 Conclusion

We have shown that the semiclassical backreaction of a quantized scalar field on an anisotropic
Bianchi I background acts as an effective shear viscosity, dynamically driving the geometry toward
isotropy. The key steps of the argument were:

1. The adiabatic regularization of ⟨T̂µν⟩ produces, at 4th adiabatic order, a finite renormalized
stress tensor given entirely by geometric invariants of the background. The trace of this tensor
is the conformal anomaly (27), but the traceless spatial part yields the anisotropic stress Πii.

2. By symmetry and dimensional analysis, Πii is proportional to −σi at leading order in the
anisotropy (28), with a coefficient set by the one-loop effective action. The negative sign
means the quantum stress opposes the shear: particle creation acts as a restoring force.

3. Substituting into the traceless Einstein equations gives a damped shear equation (30) with an
additional decay rate Γ ∝ H3/m2

p. Near the Planck epoch (H ∼ mp), Γ exceeds the Hubble
rate, producing exponential isotropization on top of the classical a−3 Kasner dilution.

The answer to the question posed in the introduction is thus yes – the renormalized stress-energy
tensor of a quantized scalar field dynamically reduces the anisotropy of a Bianchi I universe through
semiclassical backreaction, converting power-law dilution into exponential suppression.
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Several caveats are worth restating. First, the semiclassical framework assumes H ≲ mp; for
H ∼ mp (precisely where the effect is strongest) higher-loop corrections may modify the result.
Second, we have restricted attention to a massless conformally coupled scalar. In realistic particle
physics, many fields of different spins contribute; the trace anomaly for spin-1

2
and spin-1 fields

differs from (27) in its numerical coefficients (see [4] Table 1) but has the same structural form, so
the qualitative conclusion is robust.

Finally, as noted in the introduction, this mechanism addresses isotropy but not the horizon problem,
so inflation may not be altogether avoidable. However, it is possible, for instance, that the trace
anomaly could drive inflation by producing an effective p ≈ −ρ without needing a scalar inflaton
sector (this proposal is called Starobinsky inflation [6]). We hope this paper serves as a general
encouragement to consider quantum particle-creation effects in early-universe dynamics.
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